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Abstract 
Consider a system that should be continuously operating over an indefinitely long 
operation cycle n  (   ,2 ,1n ), where each operation causes a random amount of damage 
to the system, and these damages are accumulated with the current damage. The system fails 
when the total damage exceeds failure level ]  and a corrective maintenance (CM) is 
immediately conducted. To prevent such a failure, a preventive maintenance (PM) action 
should be performed. This paper considers a maintenance policy for such a system, in which 
the PM is carried out when the accumulated damage exceeds a pre-specified level G  (] ), 
or it is performed at the completion of N th (   ,2 ,1N ) operation, whichever comes 
first. Besides, a regular maintenance (RM) is also applied at every completion of operation in 
order to maintain the system for next use. The expected cost rate for an infinite time span is 
applied as a criterion for optimality. The optimal policies (i.e., *G  and *N ) that minimize 
cost rates are derived analytically and computed numerically; useful properties and result 
discussions are presented, which indicate that the optimal maintenance policy is to perform 
PM only depend on the level of accumulated damage, it is unnecessary to depend on the 
number of operation (i.e., fo*N ). 
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1. Introduction 
It is of great importance to avoid failures of a complex system during the actual operation 
when such an event is costly and/or dangerous. In such situations, one important area of 
interest in reliability theory is the study of various maintenance policies in order to reduce 
the operating cost and the risk of a catastrophic breakdown. 
Maintenance policies for systems that are subject to stochastic failures have been treated 
extensively in literature. A comprehensive set of models review and discussion on the 
maintenance policies are included in Nakagawa (2005, 2007). The aim of optimal 
maintenance policies is to provide optimum system reliability/availability and safety 
performance at the lowest possible maintenance cost.  
Maintenance can be further divided into several categories according to the degree to 
which the operating conditions of an item are restored by maintenance. A ‘perfect 
maintenance’ means a maintenance action that restores system operating conditions to as 
good as new. That is, upon perfect maintenance, a system has the same operating conditions 
as a new one. A complete overhaul of an engine with a broken connecting rod is an example 
of perfect maintenance. Generally, the replacement of a failed system with a new one is a 
perfect maintenance or perfect repair. A ‘minimal maintenance’ means that after it is 
conducted, the system’s operating state is as bad as old. Changing a flat tire on a car, or 
changing a flat or broken fan belt on an engine are examples of minimal maintenance, as the 
overall state of the operating condition is essentially unchanged. An ‘imperfect maintenance’ 
is a maintenance action that does not make a system like new, but less. Usually, it is assumed 
that imperfect maintenance restores the system operating state to somewhere between as 
good as new and as bad as old. Clearly, imperfect maintenance is a general maintenance that 
can include two extreme cases, namely, minimal and perfect. An engine tune-up is an 
example of imperfect maintenance, as a tune-up may not make an engine as good as new, but 
its performance would be greatly improved. For more details about the classification of 
maintenance degree, please refer to Pham and Wang (1996). 
Most optimum maintenance problems are based on a continuous time process where a 
system is operating. In failure studies, however, the time to item failure is often measured by 
the number of operational (cycles) to failure, and therefore, operating a system in a discrete 
time process might be more appropriate. Also, cumulative damage models (i.e., which was 
first proposed and discussed by Cox 1962) play an important role in reliability and 
maintenance theory. These models are considered as a sequence of shocks which occur 
randomly in time as an event in accordance with a stochastic process and give some amount 
of damage to a system. The damage suffered for the system is accumulated to the current 
damage level and weakens the system gradually. The system fails when the total damage 
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exceeds a failure level. A variety of maintenance models subjected to shocks were studied 
extensively in Wortman et al. (1994), Sheu et al. (1996), Sheu (1998) and Sheu et al. (2002). 
The reliability properties and optimal maintenance policies for various damage models were 
also summarized sufficiently in Nakagawa (2007). Besides, another application of the 
cumulative process in the maintenance related problems is the cumulative repair-cost limit 
policy, which concept uses the information of all repair costs (i.e., accumulated repair cost) 
to decide whether a system is repaired (i.e., minimal maintenance) or replaced (i.e., perfect 
maintenance). For more details about the cumulative repair-cost limit policy on the 
maintenance model, please refer to Chien et al. (2009, 2010). 
In this paper, a system that should be continuously operating over an indefinitely long 
operational cycle is considered; also, the cumulative damage model is applied. A 
maintenance policy, where the timing to perform PM is depends on the operational number 
as well as the accumulated damage level, is determined and investigated. The expected cost 
rate for an infinite time span is adopted as criterion of optimality in Tseng et al (2009).A 
special case of the damage distribution is applied, and then the optimal policy, which 
minimizes the expected cost rate, is derived analytically. Finally, numerical examples are 
given for illustration in Tseng et al (2009). 
2. Model development and optimization 
Consider the time over an indefinitely long operation cycle n  (   ,2 ,1n ) that a 
system should be operating. Each operation causes a random amount of damage to the 
system. These damages are accumulated to the current damage to the system. A system fails 
when the total damage exceeds failure level ] , then a corrective maintenance (CM) is 
immediately conducted. To prevent such a failure, a preventive maintenance (PM) action 
should be performed. The maintenance policy that considered and investigated for such a 
system is that the PM is carried out when the accumulated damage exceeds a pre-specified 
PM level G  (but less than the failure level ] ), or it is performed at the completion of N th 
(   ,2 ,1N ) operation after the system installation, whichever comes first. That is, the 
system undergoes CM when the total damage exceeds a failure level ] , and undergoes PM 
at damage G  ( ]G dd0 ) or at operation N (   ,2 ,1N ), whichever occurs first. In 
additional to the CM and PM, regular maintenance (RM) actions also should be performed at 
every completion of operation in order to maintain the system for the next use. 
Let a random variable jY  (   ,2 ,1j ) be the amount of damage due to j th operation 
that has an distribution function  yYyG j d{ rP)( , these damages are accumulated to the 
current damage level. Then, the total damage ¦ {
j
i ij
YZ
1
 up to the j th operation has a 
distribution function   d wZ jrP rP ( 1Y  2Y } jY d w ) = )()( wG j  where )()( wG j  
represents the j -fold Stieltjes of )(wG  with itself, and 1)()0( {wG  for 0tw . Under 
the maintenance policy that described above, it is obviously that the probability that a PM is 
performed at the completion of N th operation is )()( GNG . If f N , then the 
probability that a PM is performed at the completion of j th operation is given by 
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and the probability that a CM is performed at j th operation  is given by 
  jj YYYYYY d  21121rP ]G   ³   
G
]G
0
)1()1( )(ydGyGG jj .                  (2) 
 
In this study, CM and PM are assumed to be a ‘perfect maintenance’, while RM is 
assumed to be ‘minimal maintenance’. That is, a system is as good as new after CM or PM, 
and after RM the system is as bad as old. Therefore, the perfect maintenance scheme for such 
a system is that it is undergoes scheduled PM at operation N , or unscheduled PM at damage 
G , or unscheduled CM at failure, whichever occurs first. The time between successive 
perfect maintenance (i.e., CM or PM) can be regarded as a renewal cycle, and the behavior in 
each renewal cycle repeats. From the renewal reward theorem (see Ross 1970, p. 52), the 
expected cost rate for an infinite time span is the expected total cost per renewal cycle, 
divided by expected renewal cycle length. 
To develop the expected cost rate for the maintenance policy, the following costs are 
introduced. Let 0c  be the fixed operating cost for each operation, rmc  be the fixed cost for 
each RM, PMC  be the fixed PM cost, and CMC  be the fixed CM cost, where 
rmPMCM cCC !!  is assumed. Three possibilities of the maintenance scheme as well as 
the associated costs are separately illustrated by Figures 1~3. Based on these illustrations, the 
expected total cost in a renewal cycle as well as the renewal cycle length can be easily 
derived as followed. First, the expected total cost in a renewal cycle is 
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and then, the expected renewal cycle length is 
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Thus, by (3) and (4), the expected cost rate is given by 
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Assumed that the amount of damage due to each operation has an exponential 
distribution with a mean of P ; that is,  > @PyyG  exp1)( , and    yG j)(  
 > @  > @¦f ji i yiy PP exp!  . Thus, the expected cost rate in (5) reduce to 
 
         > @  
 ¦
¦

 

 

 1
0
)(
)(
1
0
)( 1
, N
j
j
rmPM
N
PMCM
N
j
j
rmo
G
cCGGCCGcc
NCR
G
GG]G
G
.                        (6) 
ġ
164   Yu-Hung Chien and Jih-An Chen /  Procedia - Social and Behavioral Sciences  25 ( 2011 )  159 – 169 
 
Figure 1. őŎġťŶŦġŵŰġťŢŮŢŨŦġŭŦŷŦŭġį ŢŵġŪġŵũġĩŪľĲĭĳĭɃĭŏĪġŰűŦųŢŵŪŰů 
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Figure 2. ńŎġťŶŦġŵŰġťŢŮŢŨŦġŭŦŷŦŭġȗ ġŢŵġŪġŵũġĩŪľĲĭĳĭɃĭŏĪġŰűŦųŢŵŪŰůġ
Based on the cost rate given in (6), the following theorem regarding the properties of the 
optimal pair  ** , NG  that satisfies ),(),(Min **
 ,2 ,1  ;0
NCRNCR
N
GG
]G
 
 dd
 is presented. 
 
Theorem 1. For the cost rate  NCR ,G  given in (6) where ]G dd0  and   ,2 ,1N . 
If     rmPMPMCM cCCC d P] , then    f ,, ** ]G N . Otherwise, 
]G  *0  and f *N . 
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The theorem indicates that the problem of determining the optimal pair  ** , NG  to 
minimize the expected cost rate  NCR ,G  in (7) is equivalent to only determining the *G  
to minimize  f,GCR .  
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Figure 3. PM due 
to the completion of N th operation without exceeding damage level į  
3. Numerical example and discussion 
In this section, an investigation of the sensitivity of model parameters on the optimal 
policy is presented.  For the two special cases (i.e., PM policy 1 is operational number-
dependent ( ]G  ), and PM policy 2 is the maintenance policy is damage level-dependent), 
are computed numerically when 20 ] , 10 PMC  and 10   ccrm . Table 1 presents 
the optimal *N , as well as the corresponding optimal cost rate  *1 NCR , under various 
values of CMC  and P . This indicates that 
*N  decreases as CMC  or P  increases, and 
 *1 NCR  increases when CMC  or P  increases. Table 2 presents the optimal *G  and 
 *2 GCR , and shows similar tendencies to Table 1. The numerical results are to be 
expected because when the CM cost CMC  or the average amount of each damage P  
increases, the timing for PM should be advanced in order to avoid system failure. On the 
other hand, if the CM is costly, or if damages are heavy (i.e., P  is large), the expected cost 
rates will also be large.  
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Table 1. *N  and  *1 NCR  under 20 ] , 10 PMC , and 10   ccrm . 
   P 1  P 2  P 3  P 4  P 5 
 CMC 30 
*N   
 *1 NCR   
14 
2.742 
7 
3.684 
5 
4.704 
4 
5.736 
3 
6.762 
 CMC 40 
*N   
 *1 NCR   
13 
2.785 
6 
3.849 
4 
5.044 
3 
6.314 
3 
7.586 
 CMC 50 
*N   
 *1 NCR   
13 
2.815 
6 
3.961 
4 
5.299 
3 
6.736 
2 
8.390 
 CMC 60 
*N   
 *1 NCR   
12 
2.840 
6 
4.074 
4 
5.555 
3 
7.159 
2 
8.852 
 CMC 70 
*N   
 *1 NCR   
12 
2.858 
5 
4.157 
3 
5.775 
3 
7.581 
2 
9.314 
 CMC 80 
*N   
 *1 NCR   
12 
2.876 
5 
4.216 
3 
5.902 
2 
7.935 
2 
9.776 
 CMC 90 
*N   
 *1 NCR   
12 
2.894 
5 
4.274 
3 
6.029 
2 
8.138 
2 
10.239 
 CMC 100 
*N   
 *1 NCR   
11 
2.907 
5 
4.333 
3 
6.156 
2 
8.341 
2 
10.701 
 CMC 120 
*N   
 *1 NCR   
10 
2.955 
5 
4.450 
3 
6.411 
2 
8.746 
2 
11.625 
 CMC 150 
*N   
 *1 NCR   
11 
2.956 
4 
4.614 
3 
6.793 
2 
9.355 
2 
13.011 
 CMC 180 
*N   
 *1 NCR   
10 
2.985 
4 
4.692 
3 
7.174 
2 
9.963 
1 
14.114 
 CMC 200 
*N   
 *1 NCR   
10 
2.995 
4 
4.743 
3 
7.429 
2 
10.369 
1 
14.480 
 CMC 250 
*N   
 *1 NCR   
10 
3.020 
4 
4.873 
2 
7.674 
2 
11.383 
1 
15.396 
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 CMC 300 
*N   
 *1 NCR   
10 
3.045 
4 
5.002 
2 
7.919 
2 
12.397 
1 
16.312 
 CMC 400 
*N   
 *1 NCR   
9 
3.091 
4 
5.260 
2 
8.407 
1 
13.628 
1 
18.143 
 CMC 500 
*N   
 *1 NCR   
9 
3.114 
3 
5.453 
2 
8.895 
1 
14.302 
1 
19.975 
 CMC 1000 
*N   
 *1 NCR   
8 
3.221 
3 
5.915 
2 
11.336 
1 
17.671 
1 
29.132 
Table 2. *G  and  *2 GCR  under 20 ] , 10 PMC , and 10   ccrm . 
   P 1  P 2  P 3  P 4  P 5 
 CMC 30 
*G   
 *2 GCR   
16.41 
2.549 
14.45 
3.246 
13.17 
4.051 
12.31 
4.925 
11.74 
5.833 
 CMC 40 
*G   
 *2 GCR   
16.02 
2.562 
13.74 
3.310 
12.18 
4.216 
11.10 
5.243 
10.34 
6.350 
 CMC 50 
*G   
 *2 GCR   
15.75 
2.571 
13.24 
3.360 
11.49 
4.349 
10.26 
5.507 
9.39 
6.792 
 CMC 60 
*G   
 *2 GCR   
15.54 
2.579 
12.85 
3.401 
10.97 
4.462 
9.63 
5.739 
8.67 
7.189 
 CMC 70 
*G   
 *2 GCR   
15.37 
2.586 
12.53 
3.436 
10.54 
4.562 
9.12 
5.949 
8.10 
7.555 
 CMC 80 
*G   
 *2 GCR   
15.22 
2.591 
12.27 
3.467 
10.18 
4.652 
8.69 
6.142 
7.63 
7.898 
 CMC 90 
*G   
 *2 GCR   
15.10 
2.596 
12.04 
3.495 
9.87 
4.735 
8.33 
6.323 
7.23 
8.223 
 CMC 100 
*G   
 *2 GCR   
14.99 
2.600 
11.84 
3.520 
9.60 
4.812 
8.01 
6.494 
6.89 
8.535 
 CMC 120 
*G   14.80 
2.608 
11.49 
3.566 
9.15 
4.952 
7.48 
6.811 
6.32 
9.125 
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*2 GCR   
 CMC 150 
*G   
 *2 GCR   
14.58 
2.617 
11.09 
3.624 
8.60 
5.138 
6.86 
7.246 
5.66 
9.952 
 CMC 200 
*G   
 *2 GCR   
14.29 
2.630 
10.57 
3.703 
7.93 
5.403 
6.11 
7.894 
4.87 
11.228 
 CMC 250 
*G   
 *2 GCR   
14.07 
2.639 
10.18 
3.768 
7.43 
5.634 
5.55 
8.482 
4.32 
12.424 
 CMC 300 
*G   
 *2 GCR   
13.89 
2.648 
9.86 
3.825 
7.03 
5.842 
5.12 
9.030 
3.89 
13.566 
 CMC 400 
*G   
 *2 GCR   
13.62 
2.661 
9.37 
3.920 
6.41 
6.210 
4.47 
10.044 
3.27 
15.747 
 CMC 500 
*G   
 *2 GCR   
13.41 
2.671 
9.00 
4.000 
5.95 
6.536 
4.01 
10.987 
2.84 
17.840 
 CMC 1000 
*G   
 *2 GCR   
12.75 
2.706 
7.86 
4.290 
4.61 
7.857 
2.73 
15.195 
1.75 
27.727 
4. Conclusions 
In this paper, a preventive maintenance (PM) policy for a continuously running system 
over an indefinitely long operation cycle are proposed and discussed. Each operation causes 
a random amount of damage to the system, and these damages are accumulated to the current 
damage to a system, which fails when the total damage exceeds a pre-specified failure level, 
and then corrective maintenance (CM) should be conducted. To prevent such a failure, a PM 
action should be carried out at suitable time. In the maintenance policy, the timing to perform 
PM depends on the operational number as well as the accumulated damage level. The 
expected cost rate for an infinite time span is developed and applied as criterion of optimality, 
and then the optimal policy which minimizes the expected cost rate is derived analytically 
and computed numerically. The results indicate that the optimal timing to perform PM only 
depend on the damage level, it is unnecessary to depend on the operation numbers. Several 
special cases of such a maintenance policy are also presented and discussed. 
 
169 Yu-Hung Chien and Jih-An Chen /  Procedia - Social and Behavioral Sciences  25 ( 2011 )  159 – 169 
References 
[1] Chien Y.H.; Sheu S.H.; Chang C.C. (2009). Optimal age-replacement time with minimal 
repair based on cumulative repair cost limit and random lead time. International Journal of 
Systems Science 40, 703-715. 
[2] Chien Y.H.; Chang C.C.; Sheu S.H. (2010). Optimal age-replacement model with age-
dependent type of failure and random lead time based on a cumulative repair-cost limit 
policy. Annals of Operations Research 181, 723-744. 
[3] D.R. Cox D.R. (1962). Renewal Theory, Metheun Press, London. 
[4] Nakagawa T. (2005). Maintenance Theory of Reliability, Springer Press, London. 
[5] Nakagawa T. (2007). Shock and Damage Models in Reliability Theory, Springer Press, 
London. 
[6] Pham P.; Wang H. (1996). Imperfect maintenance. European Journal of Operational 
Research 94, 425-438. 
[7] Ross S.M. (1970). Applied Probability Models with Optimization Applications, Holden-
Day, San Francisco. 
[8] Sheu S.H.; Griffith W.S. (1996). Optimal number of minimal repairs before replacement 
of a system subject to shocks. Naval Research Logistics 43, 319-333. 
[9] Sheu S.H. (1998). A generalized age and block replacement of a system subject to 
shocks. European Journal of Operational Research 108, 345-362. 
[10]  Sheu S.H.; Griffith W.S. (2002). Extend block replacement policy with shock models 
and used items. European Journal of Operational Research 140, 50-60. 
[11]  Tseng, M.L. ˈ Louie Divinagracia, Rochelle Divinagracia (December, 2009). 
Evaluating firm’s sustainable production indicators in uncertainty. Computer and Industrial 
Engineering, 57,1393-1403 
[12]  Tseng, M.L., Lin, Y.H., and Chiu, A.S.F. (May 2009). FAHP based study of cleaner 
production implementation in PCB manufacturing firms, Taiwan. Journal of Cleaner 
Production 17(14),1249-1256 
[13]  Wortman M.A.; Klutke G.A.; Ayhan H. (1994). A maintenance strategy for systems 
subjected to deterioration governed by random shocks. IEEE Transactions on Reliability 43, 
439-445. 
